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ABSTRACT 



Boolean algebra has long played a veil knaw role lui the develop- 
Kent of Mthemtical logic, but even in the propo^itioiaal calculus there 
are timy probletr.s still to be investigated. Aaong these is the question 
of the feasibility of identifying the statement calculus with a Boolean 
algebra other than the (0, 1) algebra. The theory of Boolean algebra as 
required for a study of the algebraic aspects ©f logic is formulated. 
Characteristics of the equality relation are discussed and the proposi- 
tional calculus is outlined with early emphasis on the equivalence clas- 
ses, \o} and . The concepts of truth values^ truth functions and 
truth sets are developed. Through these concepts^ the statement calculus 
is identified with a Boolean algebra consisting of more than two elements 0 
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1. Boolean Algebra 



As necessary introductory ©aterial in the develop^^ent of the pres* 
ent thesis^ this section defines and characterizes a Boodean algebra in 
terms of its set- theoretical aspects, A sumarizatioini of the properties 
of Boolean algebra relative to the discussion is included^ 

^ Boolean algebra is defined as a non-eiropty set with two binary 
operations^U (union) and 0 (Intersec tion) s, and one unary operatioHj^ 
(cotniplementation) , (These operations are called union ^ intersection 
and coniplementation because they will have the sa'©e properties as the 
corresponding operations in the special Boolean algebra of sets,) 

The following sec of axioms [isj are assinsced as characterizing the 
operations of union^ intersection and ccmiplementation. (The number of 
axioms in this set is not a miniauo number required to establish a 
Boolean algebra but is satisfactory for the development of the material 
in this section,) 

i. AUB r BUA , A/^B r B/^A 
ii, AU(BUC) = AUB(UC) ; Ar\(Br\C) = (A/^E)^ C 
Iti. (AAB)UB = B , An(AUB) A 
iv, An(BUC) r (AAB)U(AAC) : AU(3AC) s CAUB)nCAUC) 

V. (AAA'')UB : B ; (AUA*)nB B 
To relate the Boolean algebra to set theory j, we define a field of 
sets as any non-empty class (3 of subsets of a fixed non-empty space X 
where (2> is closed with respect to the set- theoretic unioo^ intersection 
and complementation. Then every field of sets is a Boolean algebra with 
the Boolean operations U , O y * • 

As a particular example let F(X) be the power set of X luC. 
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the class of all subsets o>f X. P(X) is a field of sets as defined a'bg^ve 
and,, therefore, a Boolean algebra. 

As a consequence of the above axioms^ various results can be estab- 
lished and are summarized below. 

The iderapotent laws a z AUA and A ^ AO A follow directly froe the 
axioms . 

From the absorption laws, it follows that if one of AoB ^ A or 
AUB sr E holds, then so does the other relation^ In case 

AAB - A and AUB =: B , 

we say that A is contained in B and write A^B where the relation 
^ is called the (Boolean) inclusion . 

If the Boolean algebra is a field of sets, then the Boolean in- 
clusion ^ coincides with the set- theoretic inclusion and has the follow- 
ing properties (those which define a partial ordering ([^17]], 

1. A^A (reflexive) 

ii. If A<9B and B^A, then A =r B (antisyomettic ) 

Hi. if A^B and B^C, then A^C (transitive) 
where A, B, C are arbitrary elements of the Boolean algebra 0^ ^ 

The element A/^A* is called the zero element (or zero) and is de- 
noted by 0. It can be shown axioms and the inclusion 

lation that AHA* does not depend on the cho:c ^ of A in (S3 and thx't 
the zero is unique. 

The element AUA* (which also may be shown to be independent of 
the choice of a and unique) is called the unit element and will be 

denoted by 1. 

A familiar principle in Boolean algebra is the duality principle,;, 
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which follows primrily froQ the syvmetrical imit’jire o^f the operriitians 
U and D o For exarriple the set axicms tenpin oncham'ged if U is re- 
placed by O and r\ is replaced by \J . The substitutiomis o f U by n 
and by U transforms the unit element Into the zero eleiaent .tnd the 
zero elenent Into the unit. Therefore y given a stateiment about (J 9 H 
0 > 1 , the dual statement is obtained by substituting H for \J ^ 
for r\ 9 I for O9 and 0 for 1. As a consequence of the principle of 
duality y we can restate the axioms using only C\ and ^ . Andy as duality 
appears in every development of the Boolean theory.^ a choice between two 
possible approaches should be mde;; the dual then follows as a natural 
consequence. In the development of logic, emphasis Is placed on truth 
and probability (with "1** for "true”). The dual approach would er^phasize 
falsity and refutability (with "0" for "false") v 

Closely related to the concept of duality, the De Morgan formulas 
provide a convenient method for transfonrdng relations involving U 
and “ into relations involving and in the following manner:; 

(AU5) • s A*Ab’ ^ (A^B)* A'UB’ 

The element AAB* is denoted by A-B and called the difference of 
A and B. If the Boolean algebra is a field of sets, then A E coin' 
cides with the set- theoretic difference of sets A and B, Some useful 
properties of difference are:; 

A^B if and only if A - B = 0 
and A^B if and only if 1 

Elements A,B in B are disjoint if AOB s 0, It then follows 

that 

Ar\(B-A) £ 0 

since An(3 - A} ^ AOCBOA") ^ BnCAPiA®) ^ BAO s 0 
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2. E<quality. 

Throughout the first section j, the equaility symibol s tasitly 

used in the sense of logical identity. Through everyday usage, the 
equality relation is considered as a synonya for either Identity or a 
qualified degree of likeness o But as Stoll has pointed outs, if 

the relation is restricted to elements having identical form^ then,:, 
general, it is not possible to generate a Boolean algebra. Set rela- 
tions, however, can be developed under ** s " as identity by use of the 
Axion of Extent- If A and B are sets and if for all x 6 A if 

and only if x^-B, then A « B. For examiplej through the Axiom of EX“ 
tent, it can be shown that the commutative relation^ AVJB s BiJA^ is a 
consequence. 

A further analysis of the equality relation (^ISj leads to the coim- 
elusion that equality satisfies the axioas leading to the definition of 
an equivalence relation as a relation r in a set A such that! 



i. 


X r 


X 


for 


all X 


In A (reflexive) 


ii. 


If 


X 


r y. 


then 


y r X (symmetric) 


iil . 


If 


X 


r y 


and y 


r 2 , then x r z (transitive) 



The main feature of equivalence relations is that it divides all mem* 
bers of a set A into disjoint subsets called equivalence classes, de* 
noted by [^x] , and defined by Q^c3 r ^y6A I x t yj with the basic proper- 
ties - 

i. X ^ 

ii. if X r y, then \^x]} s and conversely » 

As a partition of a set A is a disjoint collection CL non- 
eioapty and distinct subsets of a such that each jaeraber of A is a 
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of exactly O'ne tac-fjiber of folious th.«t tha colLLecti .*ni '>i 

distinct equivalence classes is a partition of Au 

The fact that an equivalence relation defines a partitioo (aioai 
versely) demonstrates that the reflexive ^ symietric and transitive aLXioisfiis 
arc adequate to assure the desired separation into classes,^ and hence 
that they characterize equality. Consequently^ any equivalence relation 
may be called an equality relation* 

Throughout this investigation of the properties of Boolean algebra 
and the propositional calculus to follow^ the problem ^iil be to identify 
elements which, although not of identical form, exhibit a certain like- 
ness denoted by the basic relatioov c • This equals relation must lead 
to a partition of the basic setj, and is therefore an equivalence rela- 
tion. 

It is then necessary to be more explicit about the meaning of 
equality and so we re-define a Boolean algebra (S> to include s as a 
priaitive term as follows; 

(2) : (B, ^ O 

such that the following axions are satisfiei^i 
i, I is an equivalence relation in A 
it. If A £ B, then AfNC s BAC for all C 
iti. If A : B, then A* x B’ 

Iv. Axiotas of Section I are satisfied 
Then it can be shown that if A x B, it follows that AvJc * bU C 
for all C as il. and iii. above postulate a substitutioin principlco 

Thus to use a Boolean algebra as a raodel it is necessary to inter- 
pret equality as well as tha other elettents in the definiens. 



5 



3. Fropasitloacil Calculus. 

Historically^ George Boole developed the theory of Eoolearii algebra 
(Algebra of Logic) as an aid in Investigating the ‘‘Law’s of thouglhit‘\ 

It is not surprising then that there are riany important applications of 
Boolean algebra to the theory of Mathematical Logic o 

This section is Intended to develop the necessary concepts of prepo- 
sitional calculus and to show Its connection with Boolean algebrap 

The usual way to see the connection between Boolean salgebra and 
logic is to begin by examining the manner in which sentences are ca- 
bined by means of sentential connectives ^173* arbittveiry 

non-empty set containing at least two members (these rniembers of are 
to be called prime statements ) . If p6 S^y j, then associated with p we 
must assign a truth value T or F- Then let A be distinct 

objects not contained in (vhere^ intuitively^ V ,» A v be 

thought of as the logical connectives '’or‘% “and**, ’*not*% respectively) « 
The set can then be extended tc a set S (the members of 

which are to be called composite s tateca>ents ) by adjoining ail statetanents 
which can be formed by using the sentential connectives in all possible 
(but finite) ways* Then If p> q are In p\ PAq§ pV q are in 

S so that S Is closed under the operations \ A y V « 

The propositional calculus Is concerned with the truth values of 
composite statements in terms of one of the truth-value assignanetnits 
(T for ’’true” or F for ’’false”) to the prisie statements and in te»s of 
the interrelations of the truth values of composite statements having 
some prime components in coimon* 

If p and q are in then pAq and qAP distinct 
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eletziscnts in S but truth value seem to require thm if p and q 4-re 
sentences, then **p and q** and **q and p'" should have a certain degree of 
likeness (ar the same truth value) o 

Two propositions of the propositional calculus are said to be 
equivalent (eq) if they have the sarse truth value 3 , so that in the 
Intuitive example above 

p A q eq q P 

which corresponds with the law of Boolean algebra 

A /O B i BOA 

Here, then the elements O * of the Boolean algebra correspond 
with the eletaents /\ and eq of the propositional calculus^ Simiilarly, 
the elenents U and ^ correspond with V and ^ respectively, and the 
lavs of Boolean algebra also hold for the logic of proposl tions^ In 
addltlonij, there exists an interpretation of Boolean algebra axlotnis as 
follows : 

e> u n / ^ ^ 



t / 


^ / 


^ i 




\ / 


V h 


V 






!/ 


/ 


/ y 



S V A f pvp" pAp' eq 



Thus the propositional calculus Is a Boolean algebra and henceforth 
Boolean symbols and logic symbols will be freely imiterchangeda 

The elements of S which correspond with the 0 and 1 of the 
Boolean algebra are pAp“ P^v\ respectively. Considering the 

elements of S as sentences, a statement of the fora pAP^ (**both p 
and not p”) is intuitively **false*’. A statement of the form pN/p“ 

(’’p or not p")> on the other hand would seem to be ” true = and is so 
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treated in classical Atistotlean logic. 

The truth value of conposite state??^ents i< defined in accordance vitlh 
*’truth tables*’* Truth table definitloias for the connectives *’not" 
tlon ) ^ ’’and” ( conjunction ) , and “or” (disjunction) are given in the fol- 
lowing table* 







Negattion 


Conjunction 


Disjunction 


p 


q 


P’ 


1 

P A q 


pv q 


I‘ 


T 


F 


T 


r 


T 


F 


F 


F 


T 


F 


1 


T 


F 


T 


F 


F 


T 


F 


F 



Table 1 

Negation, Conjunction and Dis June tion 



These definitions are intuitively clear* If a statecaent is trae^ 
its negation is false (and vice versa)* For the conjunction of two state* 
©ents to be true, it is necessary that both prtee statennsents be true* The 
disjunction Is used in the Indus lye or laeaning: "p is true or q is 

true or both are true". 

All the 16 truth functions of two variiibles can be expressed in teras 
of n/, /\ , and *. For example, **if * . * then* * * ** ( material toplicaition .^ 
conditional ) , and **lf and only if* ( material e quivalence ; b iconditional ) 
which are consequences of the definitions of Table 1, are listed in the 
following tables 
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4 

















p 


q 


Conditional 

P V 


Biconditi'onal 
<P A«s) V (p"Aq') 


T 1 


T 


T 


T 


T 


F 


F 


F 


F 


T 


T 


F 


F 


F 


T 


T 



Table 2 

Condttion.al EiccridltiaMl 



The conditlo:ial p^\/q is co-.:aB!5only deno^ted p—^q^ so that p-->q 
is an alternate way of Indicating material implicationv p — >q repre- 
sents the assertion that for each possible pair of cotrespoiniding valyes 
statements p and q, "’either p^ is false or, if 
p is true, then q is true also”. 

The biconditional is coriBSioialy denoted by the synbol p^e->q. Then 
p<-^q asserts ’’either p and q are true or p and q are false ” 
In conparing the biconditional with Identity, it is seen p ^ q paeans 
that p and q arc the same statements while aeans that p 

and q have the same truth value. 

The following table combines the truth tables of Tables I and 2 
with the remainder of the 16 different truth functions of two pri'ncie 
statenents ^9^ 
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The truth table definitions are arra'^ged in a convenient tov lorsn 
with 0 for F and 1 for T. Colur^in 1 is the decitial equivalent of 
the binary number in column 2^ Column 2 is the 2 possible truth func- 
tions of n = 2 propositions. Column 3 are the possible combinations of 
the sentential connections \/ ^ A, j • Column 4 lists the usu-iil 
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of Lhi expressions listed in Colunn 3« ColLur.n 5 lists tlhie c vcL-bviil 
expras-sions applied to the propositions of colann 3 [15]„ 

For exaisiple, 13 is tthe dectoal equivalent of llOl as 1^,2^ + 

0.1 I t 13 . This binary nurmber represents p'^v/q as the only zero 
in 1101 occurs in the column where p - 1 and q ^ 0 ,, thus cotrespond-* 
Ing with the truth table for the conditional (**if then q**) as derived 
in Table 2. 

So'ne of the logical functions defined in Table 3 are of e^ual i®- 
portance with the basic ones defined in Table i. Pb Is knovm ^i!S the 
exclusive or and asserts *’p or q but not both'h The exclusive or is 
nomally symbolized by pAq and called the sy gmet ric difference . P8 , 
called the double stroke , uses the sytr^bcl, pt q. #14 is called the 
S chef fer stroke of p and q^ asserts '^either p or q* or both" and 
is denoted by the symbol, pj^q. 

A proposition is a tautology (or is valid ) if its truth value is 1 
under all assignments of truth values to its prine stmtements. {015 of 
Table 3 is then a tautology as it is true for all assignnents of T or 
F to p or qc) 

The traditional approach to establishing a. set of tautologies ('ll 
subset of S) is to establish an initial set of tautologies and theri 
provide a rule for new tautologies frou the old 1^5 J • As part of this 
procedure some abbreviations of admissible sequences ("ambers of S) are 
formed 

i. if p and q are members of S, then write pA qi 
for ((p*) V (q*))“ 
ilv write p-^q for p's/q 



11 



iti. write p<^-v>q foT p— A q— ^ p 
Then .in initial set of tautologies consists of the sequences of .-jne - t 
tha following forrase 
i. pVp-=>p 
ii . p^ pV q 
iii, pv q— ^ qV p 

iv* (p-^q)-^ ((r-^p)-^ (r-^q)) 

Then new tautologies earn be foraed by the follo-vimig rale of 
ence (ntodus ponens): If p is a tautology and if q is a tautology 

then q is a tautology. 

Case #1 of Table 3 is an illustration of the class of propo'Sitio.n-s 
called Inconsistent (propositions which are false for all assign^iKSimts of 
T or F to the prime statements). All the other propositioms (iricllud-- 
ing #15) are consistent as they are true for some assignneinit of t or r 
to the prime statements. 

One proposition implies another if there is no assigneuent of crutth 
values which makes the first proposition true and the secoifid false.. 

(This logical implication is illustrated by #11^ pVq'' for 
and by #13 „ P*vq for p q* ) 

Two propositions are equivalent if they i^rply each others Combin- 
ing this definition with the discussion on tautologies leads to a nechani- 
cal procedure for deciding if a proposition is a tautology by an examifni^i- 
tion of its truth table: Two propositions p and q are called logic- 
ally equivalent if p<fH>q is a tautology. 

It can then be shown that the logical equivalence of propositions 
is an equivalence relation for: 
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i. (p-e^ p) — ^ p> : (p V p> A (p V V t-l A >Vp 



r (pVl) A(q"V 1) ACqVl) A(p" VI) s i 
Iti. (pOq) A t>-^ (p«r^ r) 

5 \(p’A q')V (PA q)3 ■ V A t ' ) V (q At)^ ' 

V^P'A r') V(pAt)^ 



The propositional calculus is^ then^, chairecteri 2 ei hyz 

i, the logical equivalence of propositions as m cquivaleoicc 
relation^ 

ii, the subset of tautologies 

iii, the set S of all fomulas of the theory based on the im 
valued algebra of propositions* 



(P V p) V (P V P) 



OVl ; 1 




|_(pVq)A (p V q*>3 V V r) A 1 
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4c C'iiinsgruent hlgcht3,s 



Tih:a set of est AblLis^}_ i for t^.«3 Eo‘;d® .'i '_l .rludLi tbj 



e-qu.ilitv felJition the suhs titutioffi ptlr^oipiec •Jr'ih.'ifi thz pf ''po-'si 

c.xLcuilus w.js ideOitified ^ -ailgehra 'V'lth (gQMJLlliity JM'aiJiuiiiig log! 

cal equiv.a»ler«c:e such a relAtia-'a l:s a tuiiorail, gCLn‘gr^*er,ee reletio.Hv In 
this study of Booleain algebra: as relited to proposltnoimei calculus., 
there are reasons for latroJuc vr:g eq -nivalenice teiiitiM., otlhior 

th^in the ©latural oMo themi atteiiT ioini c.rra he ceritered orj. the 

basic set vhc'se elerieinits are the 8 - equivalence clai?ses. 

The relailton 9 in B is called a congtyence relatioym it, 

1^ 0 is an equivalence reiatlO'H In E 

li* If Chen aP\c 8 bAc for all c 

lii. If a8b, then 

A congruence relation is Cc^illi,! proper if 0; is no/" the universal 
relation In &• (If 0 Is the unlverial relitioni, Uhien a/S if and 
only if implies i B for ell a in B. Ihen 

which caonoc constitute a Boolean algebra 

Various properties or proper congruence relations tollo;^^ iraa rhe 
definitions airiaoag the® ^.re^ 

1) If a9c and t9d ^ then aOhocAd (v'hich Is a theater, 
gous with the substitutivity property (discussed e^'rlier))., 



perty beccsiaies: 

2) If [_bl^ - [c\ and \b] s [d] ^ then Qi*0 § c [cO 
Un addition, it foliO'-?s fro® the third re'qyircijai&riit of congTueimce 



If B/0 is Che set cf 8 - equivalence 
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such that 



I » S V>] r \5 ^ -J. 

li. ^a'2 O \h-\ * (a . '^ 

and observe that 

[a] 3 \^l^<e->s£'b d|p^fl!r!.es; tn B/^, as set equalityv 

Then, by verif icatio’aii cf t'n>: of the Boolean algebra, it can 

be shown that B/8 is a Boole «n ((called the Bc'olean algebra 

Induced by 8) , 

Therefore, froa a B.oolean algstira.. h, end a proper co^ngruence 
relation 0 on B, another BooleAt^ algebra, B/6, raay be derived The 
elexents of B/0 are the 8 *■ e<q-v3ii.v.4.leace classes and the operations of B/0 
are defined in temDS of those or t^e o>rigical algebra using representa- 
tives cf equivalence classes. If 8 is different frora the equality re- 
lation in B, then B/0 De esseati.ally different frosi E. 

Further relationships of Boolean algebra, B/8. to the Boolean 
algebra, B, under a proper relation vj 1 1 be pointed out 

following a discussion of thiL properties of henomorphisms and isomorphisos 
Let B and C be BooIle;--.n algebratSc A trcicp >ing g of B onto C 
is said to be a homfcorphism provided the taapping preserves intersec- 

tions and complements, th^t is 

g <a ^ b) - % n % C^) 

g ^ 

As a consequence of the defiriitioc., 

3) g (a-b) ^ g(3> 0 r gt^)) r\ g(b”)) 

^ g(^)) n z g ii} - g(b> 

The transforTi? zero and untt of E onto the zero and 
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unit of C, which is ambiguously denoted also by 0 and 1: 

g(0) = 0 ; g(l) i 1 

as g(0) = g(a C\ a') = g(a) H (g(a))* = 0 
and dually for g(l) z 1 

The homomorphism g preserves Che inclusion; 

(if a S- be-5> a f\ b’ s 0, then g(a) S g(b)). 

For if b r a U b; g(b) r g(a b) s g(a) \J g(b) 

A one-to-one homomorphism is called an i somorphism and the algebra B 
and C are isomorphic if there exists an isomorphism g of B onto C. 
Then g*^ is an isomorphism of C onto B. 

In order that a one-to-one mapping B onto C be an isomorphism, 
it is necessary and sufficient that both g and g”^ preserve the in- 
clusion. (This theorem then implies (A)), Qb^. 

A homomorphism g of B into C is an isomorphism if and only if 
g"^ (0) contains only the zero of B, that is 
S) g(a) z 0 implies that a s 0 

Returning to the derived Boolean algebra B/6, additional theorems, 
definitions and concepts of a proper congruence relation are presented [l73. 

Let 9 be a proper congruence in a Boolean algebra B and define 
the functions p : B— ?B/0 by p(a) rfaj* Then p is a homomorphism. 

(p is called the natural mapping of B onto B/9.) 

The algebra B/9 of 9 - equivalence classes is a homomorphic image 
of B under the natural mapping on B onto B/9. If the algebra C is 
a homomorphic image of B, then C is isomorphic to some B/9. Moreover, 
if f ; B-^C is the homomorphism at hand, then f z g o p where p is 
the natural mapping of B onto B/9 and g is an isomorphism of B/9 
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onto C, where (-po Lj-' is the composition of the mappings and ''j-'. 

As a consequence of these theorems it follows that the home morph isms 
of a Boolean algebra are in one-to-one correspondence with the proper 
congruence relations on the algebra. 

If 0 is the equality relation, then the elements of B will map 
onto one of the equivalence classes or ^1^ . if a proposition in B 
is refutable, then its image in B/0 is equal to 0, If a proposition 
in B is provable, then Its image in B/8 is equal to 1. Then, with 
0 the equality relation, [l^ is the class of all tautologies and, as 
stated in the last section, a necessary and sufficient condition for 
p : q Is that the biconditional of p and q be a tautology. 

Then as was noted in the interpretation of Boolean algebra axioms 
in the previous section, S becomes a Boolean algebra after identifica- 
tion of equivalent formulas. This Boolean algebra Is called the Linden- 
baum algebra of the propositional calculus Q.6^ . 

The fundamental completeness theorem of the propositional calculus 
states that the formulas obtained from the set of axioms by means 
of the rules of Inference coincides with the class of all tautologies. 

The completeness theorem can be obtained from the fundamental representa- 
tion theorem stating that every Boolean algebra is Isomorphic to a field 
of sets, and conversely, the fundamental representation theorem for 
Boolean algebra can be directly deduced from the completeness theorem 
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5. Alternate Approaches to Truth-Values. 

In defining the propositional calculus, a primary objective was to 
ensure that equivalent propositions were assigned the same truth-value. 

At the conclusion of the previous section, it was demonstrated chat any 
two-valued homorphism gave a truth-valuation of the elements of S upon 
assignment of T or F to propositions according as the equivalence 
class is assigned to T or F. This procedure resulted in the truth- 
table solution and the collapse of the Boolean algebra to the (0, 1) 
algebra. 

Various other aspects of the truth-value problem are discussed in 
this section. One of these will lead to the development of a general 
theory of truth-values in terms of truth- functions mapping Che elements 
of the Boolean algebra onto a "larger" algebra than the (0, 1). 

A first consideration involved in solving logical problems by the 
propositional calculus is embodied in the method of elimination which 
states that the making of a statement is an assertion of the non-existence 
of some of the classes i_133. Thus, logical reasoning involves elimination 
of situations which conflict with clearly definable rules expressed by a 
statement. 

Two statements divide the universe into four classes characterized 
by possession or non-possession of a specified status. These four 
classes are pAq» PAq'» p'a q» p’Aq'* (These four disjoint 
classes are the "atoms" of the Boolean algebra. Their union is a tau- 
tology.) ^1^ 

The other truth- functions of two variables can be expressed as 
exact equivalents in terms of these atoms. 
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For examples 

i. T s (p/\q)V(p\q')V(p“Aq)v Cp'/Nq') 
il. pvq s ((pAq)\/ (pAq’)\/ (p“A q))A (p'Aq')* 
iii. p^ q r ((pA q) V (p’A q')) A ((p'A q) A (pA q'))’ 
iv, p-^q s ((pA q) V (P*A q)V (pV\ q')) A (pA q')’ 

These relations Illustrate the following theorem ; 014^ 

If B is a Boolean algebra with m (finite) elements, then B is 
isomorphic to Bj^, the Boolean algebra of all subclasses of the class of 
all atoms in B. 

Thus, the 16 truth->functlons of two variables are expressed in forms 
distinct with respect to truth-value. If one of T or F is assigned 
to Che prime statements, then the Boolean algebra (0, 1) would result. 

For example, if p € 00^ and q € 01} , then (using the decimal equiva- 
lents of Table 3): 

[O] : (0, I, 2, 3, 4, 8, 9, 10) 

01} r (5, 6, 7, 11, 12, 13, 14, 15) 

As a further example of expressing the truth- functions in terms of 
the others, it has been shown 01^ that p'A q* and p'V q' both 

statements in terms of which all the other functions may be expressed. 

For example, the Scheffer stroke connective, P 4, q = P* V q', has the 
following relations with the other truth-functions ; 015^ 
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0 


1 


(p V q) -1 (p '1/ q) 


2 


l[p V (p '1/ 4, \_P -1/ (p 4r q)J 


3 


P 


4 


^ 4 (p 4 4/ [q 4, <p A/ q^ 


5 


q 


6 


[q 4- (P '1' 9)3 4/ ^p 'V (p A/ q^ 


7 


(p >t p) 4- <q vl q) 


8 


((P 4^ p) i (q 4' qji -V ^p A^ p) -1 (q q^ 


9 


(p 4/ p) 4/ (q '1' q) (p A/ q) 


10 


(q 1 q) 


11 


q i (p 4/ q) 


12 


p 4' p 


13 


p i (p 4/ q) 


14 


P 4- q 


15 


1 

Table 4 




Truth- functions expressed in items of the 
Scheffer stroke connective 



In the testing of theorems by machines » which is a central problem 
of modern logic ^ complete truth tables are essential. But if a machine 
is built primarily for solving problems in which one wishes to know what 
truth values for individual terms are uniquely determined by a given 
set of statements 9 it is possible to establish a process that dispenses 
with the requirement of scanning truth tables. Truth tables can be scanned 
rapidly if only a few terras are involved, but as the number of terms 
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increases, the scanning tiraie increases at an accelerating rate. If the 
scanning procedure is elisainated, the exact status of each variable be- 
ing investigated by a logic machine would be shown after each new state- 
ment is entered. 

The digital computer solves problems in the propositional logic by 
assigning binary numbers to the various truth functions. These truth 
numbers for the 16 truth functions of two variables are shown In column 2 
of Table 3. Truth numbers for various relations can be combined by sim- 
ple arithmetical rules to determine the validity, consistency, or incon- 
sistency of compound statements. For example if the final truth number 
Is nil, then the compound statement is a tautology. 

As an example of "mechanized reasoning" in finding an "answer" to 
a logical problem involving a large number of prime statements, consider 
a problem with the following rules: [[llj 
If B, then C 
A if and only if D 
A or else B 

The logic machine is then set up in the following fashion; 




Diagram 1 
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where the OR ELSE, IF THEN, !«' AND ONLY IF circuits pe? forr^ electronic 
ally the definitions of Table 3 and whc.re the leads 3,1.2 will be 
live (‘ 1) if the corresponding rales are Svacisfied, or will be 
grounded (s 0) if the rules are not ssitisfied. 

To arrive at a solution^ a trial solution Is assumed and then modi- 
fied by a ‘’feedback” process to remove features inconsistent with the 
rules. For example, suppose the Initial configuration Is 
The first rule (if B, then C) is satisfied so point 1 is live,, the 
second rule (A if and only If D) is satisfied so point 2 Is live; 
but the third rule (A or else E) is not satisfied, so point J is 
grounded, indicating that a chinge is required In the status of a or 
B. This change could be accomplished by a “feedback” signal from the 
ground at point 3 as sho^^^n in the following n ^di f Icat ion to diagram 1 




3 I I 

Diagran 2 



If the status of A w»ere changed,, then the condition to be tested 
would be AB*C*D\ for which rule 2 is not satisfied, requiring a 
change to AB’C’D. AB’C^D does satisfy all the rules and is therefore 
an answer to the problem. If all the answers {the other two are 2 \B"CC 
and a*BCD*) are desired^ a new initial configuration would have to be 
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entered and the process repeated* 

In Che search for equivalence classes other than |_0] and the 

following definition is made- 

Let 3^ * 1 ^ members of are to be 

called truth functions [l?^ and consist of all mappings of prime state- 
ments into T,F where f(p) - T is to be interpreted as '*the prime 
statement p has truth value T**. 

The discussion and examples of this section have been intended to 
imply the feasibility of identifying the propositional calculus with a 
Boolean algebra other than the (Os,l) algebrao Herc^ for example, no 
assumption as to the number of elements of B have been made and each 
element may have an arbitrarily assigned truth value. 

So far, the discussion has been concerned with decidable proposi- 
tions, those which are either true or false. Another kind of problem 
arises with a formula like 

X 4- y ^ 5 

where x and y are variable symbols representing arbitrary numberso 
Formulas of this type represent propositional functions Replacement 

of the variable symbols x and y by arbitrary but specific numbers 
always results in a unique proposition to which the words **true” ot 
’•false” can be applied. 

A propositional function may then be defined as a formula which con- 
tains one or more variable symbols whose allowable values are the members 
of some specific set. The propositional function becomes a proposition 
for any substitution of allowable values of the variables. Then the 
truth function, f (p), of the propositional function^ p, becomes a 
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racnber of Jt" if a determination! of f(p) r T or f(p) r F can be made 
AS an aid in developing further equivalence classes, a partially 
ordered system [2^ is defined as any set P with a binary relation 
such that 



i. 


P ^ P» 


for all p^P (reflexive) 




ii. 


if p ^ 


q, and q ^ then p 2 q 


(antisymmetric ) 


iii. 


if P 4 


q and q ^ r^^ then p ^ r 


(transitive) 



It has been shown that the partial ordering relation symbol 
" — " is equivalent to the material implication symbol " — ^ ", so that 
for truth functions the following properties hold; 



i. 


Ml 

0 


f 


4 1 








li. 


f 4 


f 




for all 


f 




Hi. 


If 


f 


^ 8 


and 8 4 f , 


then 


f = 8 


iv* 


If 


f 


^ 8 


and g 4 h, 


than 


f 4 h 


V. 


f ^ 


8 


if 


and only if 


f A 8 - 


f 


vi. 


f 4 


8 


if 


and only if 


f V g 2 


8 


vii. 


f 4 


8 


if 


and only if 


f A g’ 


2 0 


vlii . 


f 4 


8 


if 


and only if 


f V 8 


- 1 



These properties are clearly satisfied for the Boolean algebra 
(0, 1) . Thus f = g is equivalent to the requirement that whenever f 
has the truth value 1, the value of g must also be 1. This require- 
ment can be rephrased as "whenever f is true, g must also be true," 
which is equivalent to f — ^ g. 

This ordering relation can then be applied to the truth functions 
of Table 3 using the property (v), f — 8 if and only if f A 8 = f , 
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to obtain the conditional relations: 



0 2, 3, 4, 5, 6, 7, 8, 9, 10, U, 12, 13, 14, 15 

1=3, 5, 7, 9, 11, 13, 15 
2^3, 6, 7, 10, 11, 14, 15 
3^7, 11, 15 

4 5, 6, 7, 12, 13, 14, 15 

5^7, 13. 15 
6^7, 14, 15 
7 ^ 15 

8^9, 10, 11, 12, 13, 14, 15 
9 ^ 11, 13, 15 

10 4: 11, 14, 15 

11 —15 

12 ^ 13, 14, 15 

13 ^ 15 

14 ^ 15 

15 ^ 15 

These relations then deternine 16 classes such that given any condi- 
tional composite statement with one truth function as the antecedent and 
another as the cots iquei t, then it can be immediately determined if the 
statement is a tautology. For example, 8—11 (i.e. f(p*A q') ■ — ^ 
f(q'V P)) is a tautology 

The partial order relation is not an equivalence relation, as the 
former has the antisynenetric property and the latter requires symmetry. 
The " — " was defined by abstracting the properties of order for real 
numbers. Every pair of two real numbers a and b are comparable. 
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However, for set inclusion, , It Is possible to have an incomparable 
pair of subsets. For example* p and p“ (or any truth function and its 
complement) are not comparable as they are never simultaneous I or 0. 

Returning to the development of equivalence classes for the ©embers 
f of truth values for formulas can be developed in the following 
manners 



any 




with 


p, q € S , 
o 


define 




1) 


f(p') : j 


T 


If 


f(p) = F 








1 


F 


if 


f(p) = T 






2) 


f(pV q) 


= 1 


fT 


if f(p) = 


T or 


f(q) » T 






1 


.F 


otherwise 






3) 


f(p A q) 


2 


f ^ 


If f(p) j 


T and 


f(q) r T 



F otherwise 

Then if r is any formula in S • f(r) can be derived from 
the above definitions through a finite sequence of members of using 

the sentential connectives /\ , V > example if r r p V q where 

P - P| A qj^ and q r p^^ A qj* , then 

f(r) r f(p) V £(q) : f(pj A qp Vf(p^ A qp 

If f(p' A qp r T or f(p^ A qp : T 
otherwise 

r fif f(p[) = T and f(qj^) = T, or 

J lif f(pp = T and f(qp s T 

F otherwise 

r if f(p) s F and f(q) : T, or 

lif f(p) = T and f(q) s F 

F otherwise 



26 



which agrees with the truth values of the syoBnetric difference function. 
Usually, as in Tables I, 2 and 3, f is oaitted and it Is under- 
stood that a particular truth function f is being examined. If values 
of f(p) and f(q) were specified, then exactly one row (column of 
Table 3) would be sufficient to determine the value of f(r). 

We define an equivalence relation in S by: 
if P, q 6 S, then p r q ^f(p) z f(q) for all f ^ (Two pro- 

positions p and q are equivalent if and only if truth table values 
are identical.) 

Then as f (pV p') s | T if f(p) * T or f(p') s T 

I F otherwise 

s T if f(p) c T or f(p) r F 

s T for all f £ ^ , let I = pV p' for p t S . 
Similarly, let 0 = pA p’, and it then follows that 

f(l) r T for all f e , and 

o 

f(0) = F for all f fe 

Thus there exists a function, f, assigning to each formula of S of 
the propositional calculus a truth-value, T or F. For the formulas of 
Tables 1 and 2, these assignments can be expressed in the following form: 
i. f(p') = T if and only if f(p) s F 

tl. f(pVq) s T if and only if f(p) or f(q) s T 

ill, f(pAq) s F if and only if f(p) or f(q) s F 

iv. f(p— >q) s F if and only if f(p) s T and f(q) s F 
or f(p— ^q) s T if and only if f(p) ^ f(q) 

V, f(pf-^> q) r T if and only if f(p) r f(q) 
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The truth table method provides aa adequate means of expressing all 
possible truth functions of any number of prims statements. If fe^^^ 

Is selected then the statement calculus reduces to the (0,1) algebra, 
Othervlse, there will be more chan two equivalence classes by the above 
definition. Thus the propositional calculus Is adequ: te to express all 
truth functions and is said to be functionally complete [^3^ 

The 16 truth functions of two arguments, f^fp »q) » . « • • » fi5(p»q) 
of Table 3 are of three different kinds. Tautologous truth functions are 
functions whose values are true regardless of the truth or falsehood of 
their arguments. Contradictory truth functions are functions whose values 
are false regardless of the truth or falsehood of their arguments. Con - 
tingent truth functions are functions which are true for some values of 
their arguments and false for others. 

Another aspect of truth values is developed through the concept of 
a truth set , which is defined as follows; [^IC^ 

Let '!/( be a set of logical possibilities, and p, q r... be state- 
ments relative to ; let P, Q, R,... be the subsets of for which 

statements p, q, r are respectively true; then we call P, Q, R,.,, 

the truth sets of statements p, q, r 

For the example on "mechanized reasoning" in this section, is the 
set of 16 logical possible combinations of the letters A, B, C, D and 
their negation; p, q, r are Che statements "if B, then C", "A if 
and only if D", and "A or else B", respectively; and the truth sets 
P,Q,R are AB'C'D, AB'CD, and a'BCD'. 

The concept of the equality of two functions becomes clearer if 
thought of in terms of truth sets. Let f and g be two functions 
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defined on the same domain D. The statement f(x) r g(x) determines 
a certain truth set consisting of elements x for which the two func- 
tions happen to have the same value. The truth sec may be empty * if the 
two functions have no common value. The truth set may be all of D, 
which then Implies that f : g. Thus, the two functions are equal if 
f(x) ; g(x) has as its truth set the entire domain. 

The definition of truth set above is equivalent to the following 
formulation of the problem: (Note; Material is from class notes taken 

in a course on Boolean Algebra presented by Dr. Peter W. Zchna of the 
Naval Postgraduate School, Monterey. A search of the literature by the 
author of this thesis failed to show that this approach is available 
elsewhere. ) 

Let S be the Boolean algebra of the propositional calculus. For 
every p 6 S , define the truth set of p, denoted » by 



P 




then 




for all p G S 



The truth set of p has the following properties; 




Proof: f t i f(p') r T4=^f(p) 2 f i f € (^ )' 

P ' P P 

2) -- 3-pOir, 



Proof ; 




or 




f(p) 2 T or 



q 



f(q) s T<^> f(pvq) ; T ^ f s ^p u3-q 
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= S pH 

Pro 3 f 1 t and f ^ ^ ^ 4 ^> f(p) s T 

aad f(<l) = T<^ f<PAq) ^ T<^ f € ipO^q 

*) P ^ q ^ 3-p : 

Proof; 1 ) Suppose p r q Then f(p) ; f(q) for all f 6 ^ o Thus tf 
f ^ ^p’ f(P) ; T ; f(q) so thac f aiRid con- 
versely. Hence - 3 *q 

li) Suppose r Jr^,- If f (p) = T, t-hcrs f 6 3 ^p, and so 

f and f(q> ; T. If f(p> - F. then f then 

f ^ , so f(q) j F. Hence, p c q. 

' q 

5 ) - <i; 

Proof; 1 ) f 6 ^ f( 0 ) £ T =9 s 0 

il) f ^ f(l> : T ^ 



(Then. P S is a tautology,^ 2 t - ^ ) 



6 ) p — ^ q is a tautology,^ ^ i 

P ~ 

Proof; i) Suppose p — ^ q is a tautology. Then ^ 



p-^ q 



- 5 



CV , ; and ( 3 r , )' 

p*V q ^ p V 



■'^r A ^• *&P n 



ti) Suppose ^ . (Thea the converse follows by revers- 

ing the above steps,) 
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are inconsistent, then 



7) If P2. 




n 






= 0 



Proof; j_^i* 5 inconsistent for all f € ^ , 

f(Pi) : F for sone i 4^ for all f 
f < 3^ , for some 1 for all f <8 ^ > 

P i 




^ n &-p = ® 

i: 1 i 
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6, Sur^iiiry and RecQ-mcndatlons. 

This thesis has considered SQ^3e of the relations betveen Booleamj 
algebra wiind the prapasi tlonai calculus. In pat trctuilar ^ th^ concepts oi 
truth valuCj, truth functions and truth sets were defined and developedc 
The Boolean algebra operations of union^ intersection and Goapie= 
ttentacion were shown to have the san»e properties as tS>je correspomiding 
operations In the algebra of setSo Later these operations were shown to- 
be analogs of the logical sentential connectives^ **or**^ **anid'’% and 

The equality symbol was discussed in its various uses as idlentiLty 
in form or as showing a specified degree of likeness in an equiv^iHlence 
relation* Characteristics of equivalence relations and partitions were 
discussed. Section 2 ended with the conclusion that It wa^ necessary to 
interpret equality In using Boolean algebra as a oodcTc 

The propositional calculus vas outlined in m standard way to develop 
the necessary concepts and to show its Interpretation as a Boolean alvie- 
bra. A ^*truth table** was established in terms of the connectives **or*\, 
*'and*', and **not*' for the 16 truth- functions of two variables . The 
properties of these functions were discussed and the table was used to 
Illustrate various concepts throughout the thesiSc The min character- 
istics of the propositional calculus were suottatl^ed at the conclusioini 
of Section 3* 

Properties of congruence relations^ hoaomrp^hisitas and isct.TiOirpKis©is 
were then discussed. From a Boolean algebra, B, and a proper coingru- 
ence 6 on B, an Induced Boolean algebra E/0 was developed. Section 
4 concluded with the observation that if 0 is the equality relation 
than the elen-ants of the Boolean algebra,^ B., will oap onto one of tha 
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equivalence c lasses , or [l^ . 

Section 5 developed concepts designed to show that a Boolean algebra 
of the statement calculus may consist of more than the (0, 1) algebra 
Background material and examples led to a discussion of truth functions^ 
Truth functions were developed from fundamental concepts of mapping 
statements into the set ^ As another aspect of the problem 

truth sets were introduced and their properties studied* 

Most of the material of the thesis could have been developed within 
the framework of free Boolean algebras ^6^. A subset S of an algebra 
^ generates A if S is not included in any proper subalgebra of A* 

If, moreover, every function from S into an algebra B has a (neces- 
sarily unique) extension that is a homomorphism from A to B, then S 
is a set of free generators of A* An algebra is free if it has a set 
of free generators* 

The following are illustrations of some concepts of free Boolean 
algebras related to the material of this thesis* 

1) Every four-element Boolean algebra is a free Boolean algebra 
with one free generator * 

Hence all of the following sub-algebras of the Boolean algebra of 
Table 3 are examples of free Boolean algebras^ 

(0, 1, 14, 15) (0, 5, 10, 15) 

(0, 2, 13, 15) (0, 6, 9, 15) 

(0, 3, 12, 15) (0, 7, 8, 15) 

(0, 4, 11, 15) 

with either of the two elements distinct from 0, 15 serving as a free 
generator. 
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2) A finite Boaleami algebra is free if and only if It h%s 2" ele- 

ri 

aents, ic then has n free generatcts and 2 ' atoas. 

Thus, far n s 2, tha 16 elements uauld ba ggnerated by the tw© free 
generators 5 , p and q, and would consist of the four atoas, pA 
P A ® ' » P " A ' A *? * • 

The oain concern of this thesis is with the propositional calculus 
and its associated algebraic aspects in the theory of Boolean algebra. 

More detailed studies in logic belong to the taonadic functional calculus, 
the purs first-order functional calculus, and the functional calculus 
with equality whose algebraic aspects are found in monadic algebras, poly- 
adlc algebras, and cyllndrlc algebras respectively 

A raonadic (Boolean) algebra is a pair (A, 3 ), where A is a Boolean 
algebra and 3 is a quantifier on A. The nomadic algebra is generaltzed 
to the concept of a quantifier algebra (A, I» 3 ) where 1 is a set of 

valuables . 

The theory of cyllndrlc algebras (which could also be called quariti^ 
fler algebras) alms at providing s class of algebraic structures that 
bear the sane relations to (first-order) predicate logic as the class of 
Boolean algebras bears to sentential logic [^S^. 

C^jantifier algebras are found to be an iaiefficienc logical tool as 
they do not allow for treatment of ttansfcrtiation of variables. This 
llaitation then leads to the development of polyadic algebra s (A, 1, S, 3 ) 
with S a function from trans format tons on I to A. 

The algebralzacion of various portions of predicate logic has its 
origins In the nineteenth century. Pierce and Schroder developed the 
logic of binary predicates. Tarski expanded the subject further in the 
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form of modern algebraic theory dealing with structures called relation 



As a recommendation for further study, an Investigation of the con- 
cepts and methods of free Boolean algebras should prove helpful in 
establishing algebraic structures for logic* For example, a next step 
following the material of this thesis would be the Introduction and study 
of quantifiers* Then, the examination of the predicate calculus would 
coincide with the study of Boolean algebras with unions and intersections 
corresponding to the logical quantifiers* The algebras of predicate 
calculi are the free algebras of this class of Boolean algebras ^16^ » 



algebras 
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